PRINCIPAL HODGE REPRESENTATIONS 



C. ROBLES 

Abstract. We study Hodge representations of absolutely simple Q-algebraic groups with 
Hodge numbers h = (1,1,..., 1). For those groups that are not of type A, we give a 
classification of the R-irreducible representations; a similar classification for type A does 
not seem possible. 



1. Introduction 

This paper is a study of Hodge structures with Hodge numbers h = (l,l,...,l). Exam- 
ples of such Hodge structures include the cohomology group H 1 ^, Q) of an elliptic curve, 
the cohomology group H 3 (X, Q) of a mirror quintic variety [3] , and the weight component 
WqH g (X,Q) of the cohomology group of a general fibre of a family of quasi-projective 
6- folds studied by Dettweiler and Reiter [2, 6]. More precisely, the article addresses the 
question: what are the Hodge representations (§2.1) with Hodge numbers h = (1, 1, . . . , 1)? 
To simplify exposition, we call such representations 'principal,' cf. Remark 2.6. The prin- 
cipal Hodge representations are necessarily of Calabi-Yau type; Calabi-Yau Hodge repre- 
sentations of (absolutely) simple Hodge groups are classified in [8, §B]. I emphasize that 
the classification of principal Hodge representations is essentially a representation theoretic 
question; I will not directly address the Hodge theory of complex algebraic varieties. 

Motivation. Very roughly, the classification question is motived by the question: Does 
a Hodge domain admit a distinguished realization as a Mumford-Tate domain. A more 
precise statement of the question, and its relation to this work, is given in Section 2.2? 

Contents. The main results of this paper are characterizations of the principal Hodge 
representations (V, ip) of a Q-algebraic, absolutely simple^ group G in the case that (i) the 
vector space Vr is an irreducible G]R-module, and (ii) the Lie algebra gc ^ s[ r+ iC. The 
principal Hodge representations of symplectic groups (type C) are identified in Theorem 
3.1, those of orthogonal groups (types B and D) are identified in Theorems 4.1 and 4.3, and 
those of the exceptional groups of type G2 are identified in Theorem 5.2. The exceptional 
groups of types E r and F4 admit no such principal Hodge representations (Corollary 2.15 
and Theorem 5.1). (For the exceptional groups, we may drop the assumption (ii) that Vr 
is irreducible.) 
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I am unable to give a similar characterization in the case that 0c = sl r +\C (type A). 
A comparison of the theorems above with the results and examples of §6 suggest that no 
such characterization is available in this case: given a representation ir : G — > Aut(V, Q), 
the circle ip giving ir the structure of a principal Hodge representation is essentially unique 
(if it exists) for types B, C, D and G; in contrast, the circle is far from unique in type A, 
cf. §6.5. Nonetheless, we may make some general observations (cf. §6.1); for example, if 
G admits a principal Hodge representation (with Vu. not necessarily irreducible), then the 
rank r is necessarily odd (Lemma 6.4). The rank one, three and five cases are worked out 
in §6.2, 6.3 and 6.4, respectively, and examples of rank seven and nine are considered in 
§6.5. 

Acknowledgements. I thank P. Griffiths for bringing the classification question to my 
attention. 

2. Hodge representations 

2.1. Definition. Let V be a rational vector space, w G Z, and let Q = V x V — > Q 
be a nondegenerate bilinear form satisfying Q(u,v) = (—l) w Q(v,u), for all u,v G V. A 
polarized Hodge structure of weight w on V is given by a nonconstant homomorphism <j) : 
S 1 — > Aut(Vk, Q) of ]R-algebraic groups with the properties that <j>{— 1) = (— l) w l, and 
Q(v, 4>(i)v) > for all ^ v G Vc- (Here, i = The associated Hodge decomposition 
V c = ® P+q=w V p ' q is given by V p > q = {v G V c \ <f>(z)v = z p ~ q v , V z G S 1 }. The Hodge 
numbers h = (h p,q ) of <j> are h p,q = dime V p ' q . 

Let G be a Q-algebraic group, and let ir : G — > Aut(V, Q) be a homomorphism of Q- 
algebraic groups, such that 7r* : qc — > End(V, Q) is injective. Let tp : S 1 — > Gjr be a 
nonconstant homomorphism of M-algebraic groups. Then (V, Q, ir, tp) is a Hodge represen- 
tation of G if 7r o ip is a Q-polarized Hodge structure on V of weight w. Any Q-algebraic 
group admitting a Hodge representation is a Hodge group. A Hodge group G is necessar- 
ily reductive [4, (LB. 6)], and Gm. contains a compact, maximal torus T D (/'(S' 1 ); that is, 
dim K (T) = rank(G K ), cf. [4, (IV.A.2)]. 

In general, the bilinear form Q and representation 7r will be dropped from the notation, 
and the Hodge representation will be denoted by (V, ip). 

2.2. Context. Hodge representations were introduced by Green, Griffiths and Kerr in [4] to 
determine: (i) which reductive, Q-algebraic groups G admit the structure of a Mumford- 
Tate group, and (ii) what one can say about various realizations of G as a Mumford- 
Tate group, and the associated Mumford-Tate domains (which generalize period domains). 
Mumford-Tate groups are the symmetry groups of Hodge theory: the Mumford-Tate group 
G^ C G = Aut(l/,(5) of a polarized Hodge structure (V,Q,(j>) is precisely the Q-algebraic 
group preserving the Hodge tensors [4, (I.B.I)]. Moreover, (fiiS 1 ) C G^(]R), so that (V,Q,4>) 
is a Hodge representation of GU, and the Mumford-Tate group is a Hodge group. 

Mumford-Tate domains arise as follows. Let F p = (B q > p V q ' w ~ q denote the Hodge filtra- 
tion of Vc = V(S>qC induced by the Hodge structure </>. Define Hodge numbers f p = dimci ?p 
and f = (/*). Then F' is an element of the isotropic flag variety Flag^(Vc), and the latter 
is a Qc = Aut(Vc, Q) -homogeneous manifold. (If the weight w is even, then Qc = SO(Vc) 
is an orthogonal group; if w is odd, then Qc = Sp(Vc) is a symplectic group.) The period 
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domain T> C Flagf (Vc) is the £?r = Aut(VjR, Q) -orbit of F* . The Mumford-Tate domain 
D C V is the G^(R)-orbit of F\ 

As a G^ (R)-homogeneous manifold -D ~ G l t > (M.)/R; here -R is the centralizer of the circle 
(^(S 1 ) and contains the compact, maximal torus T, cf. [4, II. A]. The homogeneous manifold 
G,f,(M.)/R is a Hodge domain. One may see from this discussion that one subtlety that 
arises in the subject is the fact that a Hodge domain will admit various realizations as a 
Mumford-Tate domain (and with inequivalent G^(R) -homogeneous complex structures). 
One would like to know if a given Hodge domain admits a distinguished realization as a 
Mumford-Tate domain. ^ The classification of principal Hodge representations is motivated 
by this question. 

A Hodge representation (V, </>) of G is principal if and only if f p+1 = f p — l, cf. Definition 
2.5. Equivalently, the period domain T> = Flag^(Vc) is a full flag variety, and the horizontal 
distribution (known as Griffiths' transversality or the infinitesimal period relation) on the 
period domain T> is bracket-generating. In this case, the centralizer R of the circle (^(S 1 ) is 
the torus T, cf. Remark 2.18. So the principal Hodge representation yields a distinguished 
realization of the Hodge domain G^(R)/T as a Mumford-Tate domain D C T>. 

2.3. The grading element T^. Fix a Hodge representation (V,ip). To the circle ^(S 1 ) 
is naturally associated a semisimple G icjR. What follows is a terse review of T^; see 
[8, §2.3] for details. The semisimple has the property that the T^-eigenvalues of Vc are 
rational numbers (in fact, elements of ^Z), and the T^-eigenspace decomposition 

Vc = Vt , V E = {veV c \ T» = lv} 

is the Hodge decomposition: that is, V p,q = V#, where £ = (p — q)/2 S |Z. Additionally, 
the T^-eigenvalues of gc are integers, and the T^-eigenspace decomposition 

0C = 00£, 91 = {CG0C | [T*,C]=*C}, 

is the Hodge decomposition associated to the weight zero Hodge structure Ado-7r on g: that 
is, Q i, ~ i = Q£. Moreover, 

Qe(V q ) C V q+e and [g k ,Q e ] C Q k+e . 

In particular, the Hodge filtration F* of Vc, defined by F p = V> p , is stabilized by the 
parabolic subalgebra 

/ f-v \ dfn 

(2.1) p = 0>o 

of gc- 

Fix a compact maximal torus T C Gk containing the circle ip(S 1 ). Let t C 91 and 
tc C gc denote the associated Lie algebras. Then G it. Let A = A(gc,tc) C t c denote 



I^By analogy, the distinguished realization of a rational homogeneous variety S/3 5 is the unique minimal 
homogeneous embedding 9/9 s> PV. The Phicker embedding of the Grassmannian Gr(fc, C") ~ SL(C n )/J > fe 
is an example. 
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the roots of tc. Let A rt C A wt C t£ denote the root and weight lattices. The connected real 
groups Gr with Lie algebra 0r are indexed by sub-lattices A rt C A C A wt . The torus is 

T = t/A*, where A* = n Hom(A, 2vriZ) , 

and the weights A(Vc) of Vc are contained in A. (Conversely, if U is an irreducible Qc~ 
module of highest weight fi £ A, then U is a Gc - module.) Any T £ Hom(A, ^Z) determines 
a circle tp : S 1 — > T such that T^, = T. 

Notice that ic C go C p; so we may select a Borel subalgebra b so that tc C b C p. 
Define positive roots by 

A+ d = A(b) = {a £ A | Q a C b} . 

Let £ = {<7i, . . . , <T r } denote the simple roots of A + , and let {T 1 , . . . , T r } C Hom(A r t, Z) C tc 
denote the dual basis of tc; that is, o~i(T J ) = 5j. The lattice Hom(A rt , Z) is the set of grading 
elements. The fact that the T^-eigenvalues of Qc are integers implies £ Hom(A rt ,Z); 
that is, T„ is a grading element. Therefore, is necessarily of the form n^X 1 for some 
rtj £ Z. The condition g ff ' C f) C p = 0>o is equivalent to 

(2.2) o~i(T(p) = m > 0, 
for all 1 < i < r. 

2.4. Real, complex and quaternionic representations. Suppose that Vr is an irre- 
ducible G]R-module. Then there exists an irreducible Gc-module U such that one of the 
following holds. 

o As a Gs-module U is real: Vc = U ~ U*. 

o As a G]R-module U is quaternionic: Vc = U © U* and U ~ U*. 
o As a G]R~module C/ is complex: Vc = U®U* and U j^U*. 

Notice that U is complex if and only if U is not self-dual. The real and quaternionic cases 
are distinguished as follows. Define 

(2.3) T cpt d = 2 ^ T\ 

Let fi £ A(U) C A be the highest weight of U. If U ~ U*, then 

(2.4) U is real (resp., quaternionic) if and only i//i(T cpt ) is even (resp., odd), 
cf. [4, (IV.E.4)]. 

2.5. Principal Hodge representations. Let 

m d = max-fg £ Q | V q ^ 0} £ ±Z . 
Then the T^-eigenspace decomposition of Vc is 

Vc = v m © y m _i © • • • ® Vi- m © vi m , 

and the Hodge numbers are h = (h m , h m -i, . . . , hi- m , h- m ), where he = dimcV^. 

Definition 2.5. The Hodge representation (V, ip) is principal if the Hodge numbers are 
h = (1, 1, . . . , 1, 1); that is he = 1 for all — m < i < m. 
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Remark 2.6. The Hodge representation (V, (p) is principle if and only if is the mono- 
semisimple element of a principal s^C C sl(Vc)- See [7]. 

If (V, (p) is principal, then it is necessarily the case that 



The eigenvalues are determined by the weights A(Vc) C t c of Vj> Precisely, the T^- 
eigenvalues of Vc are {A(T 1/5 ) | A G A(Vc)}. In particular, (V,<p) is principal if and only 
if 

(2.9) {A(T V ) | A G A(V C )} = {m,m-l,m-2,...,2-m,l-m, -m} 
and (2.8) holds. 

Note that the T^-eigenvalues of Vc are multiplicity-free only if 

(2.10) Vc is weight multiplicity-free. 

Recall that A(U*) = -A(U). So, if V c = U © U*, then A(Vfc) = A(U) U -A(U). The 
necessary condition (2.10) implies 

(2.11) The Qc~module U is either real or complex. 

(2.12) If U is complex, then A(U) n -A(U) = 0. 

2.6. Multiplicity-free representations. Suppose that (V, ip) is a principal Hodge repre- 
sentation, and that V° C Vr is an irreducible G]R-submodule. Let U be the corresponding 
irreducible gc _m °dule, cf. §2.4. By (2.10), it is necessarily the case that 

(2.13) U is weight multiplicity-free. 

The weight multiplicity-free representations have been classified by [5, Theorem 4.6.3], in 
the case that gc is simple. Let u)i,...,u r denote the fundamental weights of gc- 

Theorem 2.14. Let gc be a simple, complex Lie group. The irreducible, weight multiplicity- 
free representations U of gc, with highest weight fi, are as follows: 

(a) If Qc = st r +iC, then U is one of f\ k C r+1 , and fi = Sym a C r+1 , and /jl = auj\; or 
Sym a (C r+1 )*, andfi = aoj r . 

(b) If gc = S02r+iC, then U is either the standard representation C 2r+1 , with fjL = u\; or 
the spin representation, with fi = uj r . 

(c) If gc = s P2r^--) then either U is the standard representation C 2r , with fi = uj\; or 
r e {2, 3} and U C /\ r C 2r , with fi = oj r . 

(d) If gc = s02- r C, then U is either the standard representation C 2r , with [/, = uj\; or one 
of the spin representations, with [i = cj r _i,a; r . 

(e) If gc is the exceptional Lie algebra te(C), then [i = ui\,uj§ and dimcf/ = 27; if gc = 
tf(C), then [i = ojj and dimcU = 56. If gc is the exceptional Lie algebra 02(C), then 
U = C 7 and ^ = uj\. There are no weight multiplicity- free representations for the 
exceptional Lie algebras ts an d f4- 

From (2.13) and Theorem 2.14(e) we obtain the following. 



(2.7) 
(2.8) 



the T '^-eigenvalues ofVc are multiplicity-free, 
and m = i (dimcVc — 1) ■ 
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Corollary 2.15. The exceptional Lie groups of type E$ and F4 admit no principal Hodge 
representations. 

2.7. Weights. It will be helpful to review some well-known properties of the weights A(U) 
of the irreducible gc-module U. Assume gc is semi-simple, and let \x denote the highest 
weight of U. Given any weight A € A(i7), there exists an (ordered) sequence {cr^, . . . ,<r^} 
of simple roots such that 

(i) A = \l - (a h H h a ie ), and 

(ii) fi - {a h + ... + <Tij )€ A(U), for all 1 < j < I 

By (i), any weight A of U is of the form fi — AVj, for some < A* G Z. So, (2.2) implies 
/i(T^) is the largest eigenvalue of U : 



If XJ^ C U is the highest weight line, then the weight space of A = fx — (u^ + • • • + a% t ) 
is U x = Q~ ai t ■ ■ -g" " 1 ! • U^. In particular, since 7T* : gc — > End(V, Q) is injective, for each 
1 < % < r, there exists A £ A(U) such that A — a% G A(U). Therefore, both A(T (/J ) and 
A(T (/J ) — ni are eigenvalues of U. In particular, T^-eigenvalues of Vc are multiplicity-free 
only if m ^ for all 1 < i < r. By (2.2), > 0. Therefore, if the Hodge representation 
(V, </?) is principal, it is necessarily the case that 



for all 1 < i < r. 

Remark 2.18. It follows from this discussion and (2.1) that the stabilizer p = g>o of the 
Hodge filtration F* in gc is the Borel b. In particular, the Hodge domain is G^(1R)/T, with 
T a compact, maximal torus. 

Let fi* denote the highest weight of U* . Swapping U and U* if necessary, we may assume 
that 



(2.16) 



A(T V ) < fi(T<p) for all A G A(C7) . 



(2.17) 



Hi > 0, 



(2.19) 

Then (2.9) and (2.16) yield 
(2.20) 



m( t ¥>) <m*(t v ). 



m = 



Define 



(2.21) m* = ii*(l v ) < m. 

By (2.9), any two T^,— eigenvalues of Vc differ by an integer; therefore 



< m - m* £ Z . 
If U is complex, so that V c = U U* then (2.7) and (2.19) force 



m 



< m . 



The notation 



(A 1 •••AH d = X = f i-X i a i 
will be convenient. For example, \x is denoted (0 • • • 0). Set 



A 
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The weights {A 6 A(C7) : |A| = 1} may be described very easily: let fi = fi l LUi; then, 
fi — (Ji is a weight of £/ if and only if (j? ^ 0, cf. [1, Proposition 3.2.5]. If qc is simple, and 
U is weight multiplicity-free, then /i = puji, by Theorem 2.14. Therefore, the two largest 
T^-eigenvalues of U are m = ^(T^) and m — ni = (/x — ^^(T^). The following lemma is a 
consequence of this discussion and equations (2.7) and (2.9). 

Lemma 2.22. Assume that Qc is simple. Suppose that (V, (p) is a principal Hodge rep- 
resentation of G, and that is an irreducible G^-submodule. Let U be the associated 
irreducible, weight multiplicity-free Qc~module (cf. §2.4) of highest weight /i = puji, and 
satisfying (2.19). 

(a) IfUis real (Vc = U), then rii = 1. 

(b) Suppose U is complex (Vc = U ®U* and U ^ U* ). Then < m — m* £ Z. Define 
1 < i* < r by fi* = pcoi* . Then m* = m — 1 if and only if ni > 1; and m* = m — 1 
and ni* = 1 if and only if > 2. 

3. Symplectic Hodge groups 

Theorem 3.1. Let G be a Hodge group with complex Lie algebra Qc = sp 2r C. Assume 
that (V, ip) is a Hodge representation with the property that is an irreducible G^-module. 
LetTtp be the associated grading element (§2.3), and assume the normalization (2.2) holds. 
Then the Hodge representation is principal if and only if one of the following holds: 

(a) Vc = C 2r is the standard representation, and = T 1 + • • • + T r ; 

(b) r = 2, Vc C /\ 2 C 4 is the irreducible Gc^rnodule of highest weight ui2, and T = T 1 +T 2 ; 

(c) r = 3, Vc C /\ 3 C 6 is the irreducible Gc-module of highest weight u^, and = 
3T 1 +T 2 +T 1 . 

Proof. The representations of Gc are self-dual. So the representation U associated to Mr 
(cf. §2.4) is either real or quaternionic. By (2.11), if (V, (p) is principal, then U is necessarily 
real, so that Vc = U. The condition (2.13) and Theorem 2.14(c) restrict our attention to 
the case that U is one of the the following fundamental representations: either U UJ1 = C 2r 
of highest weight 

wi = (o"i + ■ ■ ■ + o>_i + |cr r ) , 
for arbitrary r; or U^ r = f\ r C 2r of highest weight 

^2 = <7i + cr 2 if r = 2 , 
^3 = 0"i + 2cr 2 + |cr 3 if r = 3 . 

(A) Let's begin with the case that fi = uj\. The weights of C 2r are 

A(C 2r ) = {oji} U {u)\ — (oi H h crj) | 1 < i < r} 

U {a; — (<7i H h CTj_i) - 2(<Tj H h <r r _i) - <r r | 1 < i < r - 1} . 

It is straightforward to check that = T 1 + • • • + T r is the unique grading element satisfying 
the normalization (2.2), and yielding the consecutive, multiplicity- free eigenvalues (2.9). 
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(B) Next, consider the case that r = 2 and fi = u 2 . Here dime?/ = 5 and the weights of U 
are 

A(U) = {±(a 1 + a 2 ) , ±(7i , 0} 

= {u 2 , u 2 - a 2 , u 2 - (a i + CJ2) , w 2 - (2cji + a 2 ) , uj 2 - 2{a\ + a 2 )} . 

It is clear that T = T 1 + T 2 is the unique element satisfying the normalization (2.2), and 
yielding the consecutive, multiplicity-free eigenvalues (2.9). 

(C) Finally, suppose that r = 3 and fi = W3. Then dime?/ = 14, and the weights of U are 

A(U) = {(000) , (001) , (011) , (021) , (022) , (111) , (121) , 
(122), (132), (221), (222), (232), (242), (243)}. 

Above, we utilize the notation (A : A 2 A 3 ) = UJ3 — (AVi + A 2 <T2 + A 3 a"3) introduced in §2.7. 
In particular, the weights of U include {0J3 , 0J3 — 03 , L03 — (a 2 + 03)}. Since the remaining 
weights are all of the form 0J3 — {ao\ + ba 2 + 073), with < a, b, c G Z and a + b + c > 3, 
this forces 1 = = n 2 . 

The conditions (2.8) and (2.20) yield 13/2 = //(T^,) = //(niT 1 + T 2 + T 3 ), so that n x = 3. 
Thus, the grading element is necessarily of the form given in (c). Given = 3T 1 +T 2 +T 3 , is 
straight-forward to compute A(U)(T V ) = {13/2, 11/2, ... , -11/2, -13/2}. Thus (2.9) holds. 

Finally, observe that in each of the cases (A), (B) and (C) above, (2.3) yields T cpt = 0, so 
that //(T cpt ) = and Vc = U is real by (2.4), as required. □ 

4. Orthogonal Hodge groups 

Theorem 4.1. Let G be a Q-algebraic group with complex Lie algebra Qc = S02r+iC 
Assume that (V, (p) is a Hodge representation of G with the property that Vr is an irreducible 
G^-module. Let be the associated grading element (§2.3), and assume the normalization 
(2.2) holds. Then the Hodge representation is principal if and only if one of the following 
holds: 

(a) Vc = C 2r+1 is the standard representation, and = T 1 + • • • + T r ; 

(b) V"c = U Ur is the spin representation, 

(4.2) T v = 2 r ~ 2 T 1 + 2 r ~ 3 T 2 + 2 r ~ 4 T 3 +••• +2T r ~ 2 + T^ 1 + T r , 

and (r — 2)(r — 1) £ 4Z. 

Theorem 4.3. Let G be a Hodge group with complex Lie algebra Qc = so 2r C. Assume 
that (V, (f) is a Hodge representation with the property that Vr is an irreducible G^-module. 
Let Ty, be the associated grading element (§2.3) , and assume the normalization (2.2) holds. 
Then the Hodge representation is principal if and only if one of the following holds: 

(a) r > 4 is even, Vc = U is a spin representation (fJ, = u) r -\,u r ), 
(4.4) TV = 2 r ~ 3 T 1 + 2 r " 4 T 2 + 2 r " 5 T 3 + • • • + 2T r " 3 + T r " 2 + T^ 1 + T r , 

and (r — 3)(r — 2) € 4Z; 
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(b) r > 5 is odd, Vc = U @ U* , where U 9^ U* is a spin representation (fj, = u r -i,u) r ) and 
Tip is one of 

T v = 2 r ~ 2 T 1 + 2 r - 3 T 2 +••• +4T r ~ 3 + 2T r " 2 + r- 1 + 3T r , 

(4-5) T ^ = 2 r-2 T l + 2 r-3 T 2 + ... +4T r-3 + 2 r-2 + 3T r-l + T r_ 

Proof of Theorem 4.1. Let U be the irreducible S02 r +iC-module associated to VJr as 
in §2.4. All representations of S02r+iC are self-dual; therefore, if (V,ip) is principal, it is 
necessarily the case that U is a real representation of Gr, by (2.11), and Vc = U. By 
(2.13), U is weight multiplicity- free. The irreducible, multiplicity-free representations of 
S02r+iC are given by Theorem 2.14(b): either U = C 2r+1 is the standard representation, 
with highest weight 

= (01 + cr 2 H V cr r ) ; 

or U is the spin representation of highest weight 

uj r = \ (a 1 + 2 a 2 H h rcr r ) . 

We consider each case below. 

T/ie standard representation. Suppose that U = C 2r+1 is the standard representation. The 
weights of U are 

A(V C ) = {wi} U {wi - (cti + • • • + o-i) I 1 < » < r} 

U {oji - (at H h <7i_i) + 2(cri + h <7 r ) I 1 < i < r} . 

It is straight forward to confirm that T^, = T 1 + •••-)- T r is the unique grading element 
satisfying the normalization (2.2) and such that the T^-eigenvalues of U satisfy (2.8) and 
(2.9). 

In particular, T cpt = 0, by (2.3), so that U is real, by (2.4), as required by (2.11). 

The spin representation: preliminaries. Suppose that U is the spin representation. Then 
fj, = uj r . The weights of U are parameterized by 

(4.6a) C(U) = {A = (A\...,A r ) G Z r \ A 1 G {0,1}, and A^-A*" 1 G {0, 1} , V 1< i < r} ; 
specifically, 

(4.6b) A(U) = {uj r - AVj | A G C(U)} . 

It will be convenient to define (i) a filtration {0} = T C T 1 C T 2 C • • • C F r ~ l C T r = 
C(U), 

(4.7a) F s = {A G C(U) \ = A 1 , . . . , A r " s } , < s < r ; 

and (ii) a decomposition C(U) = C° U C 1 U • • • U C ' , 

(4.7b) C s = F^F 8 ' 1 { = ] {A G C(U) | A r " s = , A r " s+1 = 1} , < s < r , 

with the convention that J 7 " 1 = 0. 

The spin representation is of dimension 2 r . By (2.8) and (2.20), 

(4.8) ^(2 r -l) = m = u r (T v ). 
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The spin representation: examples. Before continuing with the proof, we consider some 
examples. 

Example 4.9. If r = 2, then dimc?7 = 4, and the weights A £ C are 

(00), (01), (11), (12). 

This forces T^, = T 1 + T 2 . The T^-graded decomposition of U is C/ 3 / 2 © Uy2 © f-1/2 © ^-3/2- 
Thus (2.8) and (2.9) hold. Moreover, T cpt = 0, so that w r (T cpt ) is even; thus, f7 is real. 

Example 4.10. If r = 3, then dime?/ = 8, and the weights are 

(ooo) (ooi) (011) (112) 

This forces = 2T 1 + T 2 + T 3 . For this grading element, ^(T^) = |7, as required by 
(4.8), and the eigenvalues {±^p | p = 1,3,5,7} of are all multiplicity free. Moreover, 
T c P t _ 2ji ) so that o> r (T cpt ) = 1 is odd; thus, U is quaternionic. 

Example 4.11. If r = 4, then dimc^/ = 16, and the weights are 

(0111) (1111) (1112) 

(0000) (oooi) (0011) (0112) (1122) (1222) 

(0123) (1233) (1234) 

So, in order to have multiplicity-free, T^-eigenvalues, we must have n% = n% = 1, ri2 = 2 
and m = 4. This choice does indeed give consecutive eigenvalues {±\p \ p = 1, 3, 5, . . . , 15}, 
and in particular satisfies ^(T^) = ^(4 + 2- 2 + 3-1 + 4-1) = ^15, as required by (4.8). 
Moreover, T cpt = 2(T 1 + T 2 ), so that w r (T cpt ) = 1 + 2 = 3 is odd; thus, U is quaternionic. 

Example 4.12. If r = 5, then dimcU = 32, and the weights are 

(00000) (00111) (01111) (01112) (Hill) (11112) (11122) (11123) 

(00001) (00112) (01122) (01222) (11222) (11223) (12222) (12223) 

(00011) ' (00122) ' (01123) (01223) ' (11233) (12233) (11234) (12333) ' 

(00012) (00123) (01233) (01234) (12234) (12334) (12344) (12345) 

In order for T^, to have the consecutive, multiplicity- free eigenvalues required by (2.9), we 
must have T v = 8T 1 + 4T 2 + 2T 3 + T 4 + T 5 . For this grading element, (2.8) holds. Moreover, 
T c P t = 2 ( T i + T 2 + T 3 ), so that w r (T cpt ) = 1 + 2 + 3 is even; thus, U is real. 

The spin representation: completing the proof. We now return to the proof of Theorem 4.1. 
Observe that 

JF 2 = {(0---0), (0---01), (0---011), (()••• 012)}. 
The T^-eigenvalues for these weights are 

F 2 {J V ) = {m , m — n r , m — (n r _i + n r ) , m — (n r _i + 2n r )} . 
By (4.6), all other weights of the representation satisfy 
(4.13) ^(T^) < m - (n r _ 2 + n r -i + n r ) for all A T 2 . 
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Therefore, the requirement (2.9) forces 

n r = n r _i = 1 . 

These first four eigenvalues are 

(4.14) J- 2 (T V ) = {m-p | p = 0,1,2,3}. 

As noted in (4.13), the largest T^-eigenvalue A(T (/3 ) among the A T 2 is m — (n r _2 + 
n r _i + n r ) = m — 2 — n r _2, and is realized by the weight A = (0 • • • 0111). Given (4.14), the 
requirement (2.9) then forces 

n r „ 2 = 2 . 

Note that C? = {(0 • • • 0111) , (0 • • • 0112) , (0 • • • 0122) , (0 • • • 0123)}, and the eigenvalues 
£ 3 (T^) = {m-p | p = 4,5,6,7} and -F 3 (T^) = {m - p | p = 0, 1, . . . , 7} . 
We will establish (4.2) by induction. We will need the formula 

(4.15) 2 t+l = 1 + 1 + 2 + 4 + 8+ -- -+ 2*" 1 + 2* , 

which is easily confirmed by an inductive argument. Suppose that there exists 2 < s < r — 2 
such that 

(4.16a) n r _t = 2 l ~ l and 

(4.16b) £ m (TV) = {m-p | p = 2',2* + l,...,2 m - 1} , 

for all 2 < t < s. In the preceding paragraph, we saw that (4.16) holds for s = 2. To 
complete the proof of the lemma we need to show that 

(4.17a) n r _ s _i = 2 s and 

(4.17b) £ S+2 (TV) = {m-p|p = 2 s+1 ,2 s+1 + l,...,2 s+2 -l}. 

Note that (4.16b) implies that the eigenvalues 

(4.18) ^ +1 (T V ) = {m-p|p = 0,l,2,...,2 s+1 -l}. 
By (4.6) and (4.16b), 

(4.19) m — (n r - s -i + n r - s H \- n r ) = max{A(T v ,) | A T s+1 } 

is realized by the weight A = (0 r ~ s ~ 2 l s+2 ). By (4.15), (4.16a) an (4.19) the largest eigen- 
value amongst the {A(T </ ,) | A T s+1 } is m - (n r _ s _i + 2 s " 1 + 2 s " 2 H 1-2 + 1 + 1) = 

m — (n r _ s _i + 2 S ). Given (4.18) and (2.9), this observation, forces n r _ s _i + 2 S = 2 S+1 . That 
is, n r _ s _i = 2 s . This establishes (4.17a). 

It remains to prove (4.17b). Given A € £ s+2 , note that (4.6) and (4.7b) imply either 
A r ~ s = 1 or A r ~ s = 2. In particular, we have a disjoint union 

£ s+2 = £ s+2 u £ s+2 ) 

given by 

C+ 2 ^ {A G £ s+2 | A r " s = i} . 
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Elements of C\ +2 are of the form A = (0 • • • 011A r ~ s+1 • • • A r ). The map A H- A + cr r _ s _i = 
(0 • • • OOIA 7 - 5 " 1 • • • A r ) defines a bijection £ s + 2 -»• £ s+1 . Given (4.16b), we have 

(420a) = {A(T,)-2MA«E£«} 

= {m-p\p = 2 S+1 , 2 S+1 + 1, . . . , 3 • 2 s - 1} . 

Likewise, elements of £ 2 +2 are of the form A = (0 • • • 012A r ~ s+1 • • • A r ), and the map A i— > 
A - (a r _ s _i + a r _ s + ■■■ + a r ) = (0 - • • 001(A r " s+1 - 1) • • • (A r - 1)) defines a bijection 

With (4.15) and (4.16b), this implies that the eigenvalues 

£ S 2 +2 (TV) = {A(T^) - (2 s + 2- 1 + ...+2 + l + l)|Ae £ s+1 } 
= {m-p | p = 3-2 s ,3-2 s + l,...,2 s+2 -l}. 

Equations (4.20) establish (4.17b). This completes the proof of (4.2). 

By (2.3), T pt = 2(T X + ••• + T r - 2 ). Thus, //(T^) = cj r (T cpt ) = X^~ 2 i = \(r-2)(r- 1). 
By (2.4), the self-dual U is real, as required by (2.11), if and only if (r — 2)(r — 1) 6 4Z. 

Proof of Theorem 4.3. Let U be the irreducible S02 r C-module associated to Vr, cf. §2.4. 
If (V, </?) is principal, £7 is weight multiplicity-free by (2.13). By Theorem 2.14(d), U is either 
the standard representation C 2r of highest weight 

^1 = 0"! -| + (7 r _2 + I (o>_i + 0>) ) 

or one of the spin representations with highest weight 

0J r -i = h (cri + 2cr 2 H h (r — 2)<7 r _ 2 ) + i (ro>_i + (r — 2) o>) , 



a; 



i (<7i + 2 a 2 + • • • + (r - 2)cr r _ 2 ) + \{{r - 2)o>_i + roy 



T/ie standard representation. Suppose that U is the standard representation. Then U is 
self-dual, and so either real or quaternionic. By (2.11), if (V, <p) is principal, then U is real, 
so that Vq = U. Therefore, the weights of Vc are 

A(Vc) = {ui , oj\ — (cri H h cr r _ 2 + ov)} U {^i — {a i H h crj) | 1 < i < r} 

U {uji — (cri H h cTj-i) - 2(cii H h cr r -2) - 0>-i - 0> | 1 < i < r - 2} . 

It is straight-forward to confirm that 

(A 01 x = T 1 + ---+r- 2 +r- 1 + 2T r and 

l 4 -^-U T _ T l I I Tr-2 | 1TT-1 



= T i + ---+T r -^ + 2T r - i +T r 

are the only grading elements satisfying (2.8) and yielding (multiplicity-free) eigenvalues 
(2.9). For these two grading elements we have T cpt = 2T r ~ 1 and T cpt = 2T r , respectively. 
Therefore, cJi(T cpt ) = 1 and U is quaternionic, by (2.4), contradicting (2.11). It follows that 
there exists no principle Hodge representation (V, ip) of G such that U = C 2r . 

Remark 4.22. The argument above yields the following: Let G be a Hodge group with 
complex Lie algebra Qc = S02 r C Assume that (V, </?) is a Hodge representation with the 
property that Vm. is an irreducible G^-module, and the associated Qc-module U (§2.4) is the 
standard representation. Let l v be the associated grading element (§2.3), and assume the 
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normalization (2.2) holds. Then Hodge numbers are h = (2, 2, . . . , 2) if and only if one of 
(4.21) holds. 

The spin representation, r even. If r is even, then the spin representations are self-dual. 
Arguing as above in the case of the standard representation, it is necessarily the case that 
r > 4. (Else U is quaternionic.) The two spin representations have highest weight /i = <jo t ~i 
and fj, = u) r . The arguments for the two cases are symmetric, so we will assume // = uj r . 
The weights of U are parameterized by 

(4 23a) C{U) = { A = (A\...,A r ) GZ7 I A 1 , A r + A r ~ 1 - A r ~ 2 , A r - A 1 *" 1 G {0, 1} , 

A* - A 4 " 1 G {0, 1} , V 1< i < r - 2} ; 

specifically, 

(4.23b) A(U) = {uj r - AVj | A G C(U)} . 

Set m = ujj.iT._p). Given a weight A G C(U), the corresponding T^-eigenvalue is A(T^) = 
m — A*nj. As in the proof of Theorem 4.1(b), we define a filtration F 3 C F 4 C • • • C 

(4.24a) F s = {A G C{U) | = A 1 , . . . , A r ~ s } 

and decomposition C(U) = C 3 U £ 4 U • • • U C 

(4.24b) C s = F^F*- 1 = {A G C(U) | A r ~ s = 0, A r ~ s+1 = 1} , 

for 4 < s < r, and 

(4.24c) C 3 d = F 3 = {(0---0), (0---01), (0---0101), (()••• 0111)}. 

The eigenvalues of L 3 are 

(4.25) C?{J^) = {m , m — n r , m — (n r _2 + n r ) , m — (n r _2 + n r _i + n r )} . 
In general, 

(4.26) max{A(T v ) | A G" J 75 } = m - (n r _ s + n r _ s+ i H h n r _ 2 + n r ) 

is realized by the weight A = (O^ 5-1 l s-1 01). Therefore, max{A(T v ) | A G* F 3 = C 3 } = 
m — (n r _3 + n r _2 + n r ). So, given (4.25), the condition (2.9) forces 

n r = n r ^2 = 1 • 

This updates (4.25) to £ 3 (TV) = {m,m-l, m-2, m - (2 + n r _i)}. From £ 4 = 
{(0 • • • 01101) , (0 • • • 01111) , (0 • • • 01211) , (0 • • • 01212)}, we see that the eigenvalues of 
F 4 = C 3 U £ 4 are 

F (Tp) = {m , m — 1 , m — 2, m — (2 + n r _i) , m — (2 + n r _3) , 

(4.27) m - (2 + n r _ 3 + n r _i) , m - (3 + n r _ 3 + n r _i) , 

m - (4 + n r _ 3 + n r _i)} . 

Given (4.26) and (4.27), the condition (2.9) implies one of the following two holds 
(4.28a) n r —\ = 1 and n r _3 = 2 , or 

(4.28b) n r -\ = 2 and n r „3 = 1 . 
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I claim that (4.28b) is not possible. For, if (4.28b) were to hold, then both weights 
(0 ••• 011212), (0--- 012211) G £ 5 would have eigenvalue m — (n r _4 + 7), contradicting 
the requirement (2.7) that the eigenvalues have multiplicity one. Therefore (4.28a) holds. 
The eigenvalues of J-" 4 are 

F\l^) = {m-p |p = 0,l,...,7}. 

We will establish (4.4) by induction. Suppose that there exists 2 < s < r — 2 such that 

(4.29a) n r _ s = 2 S ~ 2 and 

(4.29b) -F S+1 (T^) = {m-p|p = 0,l,...,2 s -l}, 

for all 2 < s < s. The discussion above establishes these inductive hypotheses for s = 3. To 
complete the proof of (4.4) we need to show that 

(4.30a) n r -s-l = 2 s " 1 and 

(4.30b) C s+2 = {m-p|p = 2 s ,2 s + l,...,2 s+1 -l}. 

Given (4.29b), the requirement (2.9) that the T^-eigenvalues be consecutive forces the 
largest eigenvalue A(T </5 ) among the A F s+l to be m - 2 s . By (4.26), (4.29a) and (4.15), 
this largest eigenvalue is m — n r _ s _i + 2 S ~ 2 + 2 S ~ 3 + -- - + 2 + l + l = m — n r _ s _i + 2 S_1 . 
Therefore, n r „ s „i = 2 S_1 , establishing (4.30a). 
To prove (4.30b), note that (4.23a) implies that 

(4.31a) C s+2 = C\ +2 U C\ +2 

where 

Lf 2 = {A G C(U) | A"" 5 " 2 = , A'" 5 - 1 = 1 , A"" 5 = i} . 

The map A = (0 - • • 011 ••■)(->■ A + <J r _ s _i = (0 • • • 001 • • • ) defines a bijection £ s + 2 -»• £ s+1 . 
By (4.29b), the eigenvalues of £ s+1 = J s+1 \^ s are £ S+1 (T^) = {m - p \ p = 2 s - 1 , 2 s - 1 + 
1, . . . , 2 s - 1}. So, by (4.29b), the eigenvalues of C^ 2 are 

(4.31b) C\ +2 (T V ) = {A(T v )-n r _ s _i | A G £ s+1 } = {m-p \ p = 2 S ,2 S + 1, . . . ,3-2 s " 1 -l} . 
Similarly, the map 



A i ^ 



A + ci r _ s _i + • • • + a r -2 + a r , if A r = A r_i + 1 



A + ov_ s _i + • • • + a r -\ , if A r = A 



r \r— 1 



defines a bijection C s ^ 2 — > C s+1 . Arguing as above, and making use of (4.15), the eigenvalues 
of £o +2 are 



(4.31c) 



£ S 2 +2 (T„) = {A(T (/3 ) - (2 s " 1 + 2 s " 2 H 1-2 + 1 + 1) | AG £ s+1 } 



= {A(T^) - 2 s | A G £ s+1 } = {m-p\p=3- 2 s " 1 , • • • , 2 S+1 - 1} . 

Item (4.30b) now follows from (4.31), and (4.4) is established. 

By (2.3), T pt = 2(T 1 + ---+r~ 3 ). Thus, ^(T^) = u; r (T cpt ) = £i~ 3 i = §(r - 3)(r - 2). 
By (2.4), the self-dual U is real, as required by (2.11), if and only if (r — 3)(r — 2) G 4Z. 
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The spin representation, r odd. If r is odd, then U* = U Wr . In particular, the spin 
representations are not self-dual, and Vc = U UJr _ 1 © U Ur . Without loss of generality, we will 
assume that the representation U associated to Vr in §2.4 is U Ur \ that is, fi = u r . (With 
the normalization (2.21), this will yield the first grading element of (4.5). Taking fi = <jJ r ~\ 
yields the second grading element. The two arguments are symmetric, and we will give only 
the first.) 

The weights of U are given by (4.23). The weights of U* are parameterized by 

(432a) = {M=[^i,---,A*r]GZ r I /A M r + M^ 1 - M r ~ 2 , M r_1 - A* r G {0, 1} , 

- /Z" 1 G {0, 1} , V 1 < i < r - 2} ; 

specifically, 

(4.32b) A{U*) = {w r _! - /iV, | n G £([/*)} . 

Following (4.24), we define a filtration G 3 C G 4 C ■ ■ ■ C G r ~ l C G r = C{U*) 

(4.33a) G s = {/i G £([/*) | = A i 1 ,.. . ,//~ s } 

and decomposition C(U*) = M 3 U M 4 U • • • U M r 

(4.33b) .M s d = G^G*" 1 = {/i G £(£/*) | = 0, //- s+1 = 1} , 

for 4 < s < r, and 

(4.33c) „M 3 d = = {[0---0], [0---010], [0---0110], [0---0111]}. 

I claim that 

(4.34) n r = 3 and n r _i = 1 . 

To see this, recall that m = uj r (Tip), by (2.20), and m* = cj r -i(jip), by (2.21). By Lemma 
2.22(b), 

< m — m* = cj r (T v ) — oj r -i(T v ) = \{n r — n r _i) G Z. 
With (2.17), this implies < n r — n r _i G 2Z. Therefore, n r > 3. By Lemma 2.22(b), 

m — m* = 1 

and n r -i = 1. Thus, n r = 3. 

The eigenvalues associated to the weig hts C 3 U M 3 arc 

£ 3 (TV) = {m, m - 3, m - 3 - n r _ 2 , m - 4 - ra r _ 2 } 

(4.35) 

«M (T<n) = {m — 1 , m — 2 , m — 2 — n r _2 , m — 5 — n r _2} . 

If n r _2 = 1) then the eigenvalue m — 3 will have multiplicity greater than one; so, the 
condition (2.10) that the T^-eigenvalues have multiplicity one forces 

n r „2 > 1 • 

In analogy with (4.26), 

max{^(T ¥ ,) | n £ s } = oV-i^) - (n r _ s + n r _ s+ i H h n r _i) 

= m - 1 - (n r _ s + n r _ s+ i H h n r _i) 
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is realized by A = (0 r ~ l s 0). By (4.26) and (4.36) the largest T^-eigenvalues amongst 
the A C 3 = J 73 and the fi M 3 = Q 3 are 

(4.37) m — (n r _3 + n r _2 + 3) and m — (ra r _3 + n r _2 + 2) . 

So, if n r _2 > 2, then (2.17), (4.35) and (4.37) imply m — 4 will not appear as an eigenvalue. 
This contradicts the requirement (2.9) that the T^-eigenvalues be consecutive; thus 

(4.38) n r _ 2 = 2. 

Prom (4.34), (4.35) and (4.38), we see that the T^-eigenvalues of C 3 U M 3 are 

£ 3 (guM 3 (T^) = {m-p | p = 0,l,...,7}. 

We will complete the proof that T v is the first grading element of (4.5) by induction. 
Suppose that there exists 2 < s < r — 2 such that: 

(4.39a) n r _ s = 2 s " 1 and 

(4.39b) r +1 (T,)ur'(T,) = {m-p\ p = 0,1,..., 2 S+1 - 1} , 

for all 2 < s < s. Keeping in mind that C 3 = J- 3 and M 3 = Q 3 , we have seen that this 
inductive hypothesis holds for s = 2. To complete the induction (and proof of the lemma), 
we must show that 

(4.40a) n r _ s „i = 2 s and 

(4.40b) £ S+2 (T^)U7W S+2 (T^) = {m-p|p = 2 s+1 ,2 s+1 +l,...,2 s+2 -l}. 

By (4.26), (4.39a) and (4.15), 

max{A(T v ) | A J" s+1 } = m - (ra r _ s -i + 2 s " 1 + • • • + 4 + 2 + 3) 

= m - K_ s _i + 2 s + 1) . 

Similarly, (4.36), (4.39a) and (4.15) yield 

max{/x(T ¥ ,) | fi G s+1 } = m - 1 - (n r _ s _i + 2 s " 1 + • • • + 4 + 2 + 1) 

= m — (n r _ s _i + 2 SN> 



On the other hand (4.39b) and the requirement (2.9) that the eigenvalues of Vc be consec- 
utive imply max{A(T ¥ ,), /^(T^) | A T s+1 , fi G s+1 } = m — 2 S+1 . Therefore, n r _ s _i = 2 s , 
establishing (4.40a). 

In analogy with (4.31a), observe that (4.32a) implies 

(4.41a) M 5+2 = M\ +2 U Mf 2 , 

where 

M s + 2 = {/jt € C(U*) | / u r ~ s " 2 = , l i r ~ s ~ l = 1 , //- s = i} . 

The assignment v H> v + o>_ s -i defines a bijection £ s 1 +2 U M\ +2 ->■ £ s+1 U .M s+1 . The 
hypothesis (4.39b) implies £ s+1 (T (/3 ) U ,M S+1 (TV) = {m - p | p = 2 s , 2 s + 1, . . . , 2 S+1 - 1}. 
These observations, taken with (4.40a), yield 

(4.41b) £ S + 2 (T^)U^ S 1 +2 (T V ) = {m-p\p = 2 S+1 , 2 S+1 + 1, . . . , 3 • 2 s - 1} . 



PRINCIPAL HODGE REPRESENTATIONS 



IV 



Likewise, the assignment v h-> ^ + cr r _ s _i + 2(cr r _ s + - • • + oy_2) + o>-i + cr r defines a bijection 

£=+ 2 U M 5 2 +2 -> J 75 U £ s . Taken with (4.39b), (4.40a) and (4.15), this yields 

(4.41c) 

r+^T^uMf 2 ^) = {i,(ig - 2 s - 2(2 S - X + • • • + 2) - (l + 3) | ;/ePug s } 

= {u(j v ) - 3 • 2 s | v G U g s } 
= {m - p | p = 3 • 2 s , 3 • 2 s + 1, . . . , 2 S+2 - 1} . 
Item (4.40b) now follows from (4.41). This yields (the first grading element of) (4.5). 

5. Exceptional groups 

Theorem 5.1. Let G be a Hodge group with complex Lie algebra qc = 66(C), 67(C). Then 
G does not admit a principal Hodge representation {V,tp). 

Theorem 5.2. Let G be a Hodge group with complex Lie algebra Qc = 02(C). Assume 
that {V, (p) is a Hodge representation. LetT^ be the associated grading element (§2.3), and 
assume the normalization (2.2) holds. Then the Hodge representation is principal if and 
only if V c = C 7 and T v = T 1 + T 2 . 

Proof of Theorem 5.1 for qc = te{C). We argue by contradiction. Suppose a principal 
Hodge representation exists. Let W\ © • • • © W s be a decomposition of Vr into irreducible 
GR-modules. Let Uj be the irreducible Gc-module associated to Wj, as in §2.4. By (2.13) 
and Theorem 2.14(e), the highest weight of Uj is either uj\ or uq. Moreover, = ljq, so 
that Uj is complex, Wj(C) = Wj ®r C = Uj © UJ, and Wj(C) ~ W k (C), for all j, k. The 
constraint (2.10) that Vc = ®jWj(C) be weight multiplicity-free forces s = 1. Thus, Vk is 
an irreducible G]R-module, and Vc = U © U*. 

Assume, without loss of generality, that U is the irreducible Zq representation of highest 
weight 

OJl = I (4<7i + 3cr 2 + 5cr 3 + 6<7 4 + 4cr 5 + 2cr 6 ) . 

Then, dim V c = 2dim c C/ = 54. Therefore, (2.8) and (2.20) imply 53/2 = wi(T v ) = \(Am + 
3ri2 + 5n3 + 6714 + 4ns + 2uq). Equivalently, 

53-3 = 2 • (4ni + 3n 2 + 5n 3 + 6n 4 + 4n 5 + 2n 6 ) . 

This is not possible, as 2 does not divide 53 • 3. 

Proof of Theorem 5.1 for Qc — 67(C). We argue by contradiction. Suppose a principal 
Hodge representation exists. Let W\ © • • • © W s be a decomposition of Vr into irreducible 
G]R-modules. Let Uj be the irreducible Gc-module associated to Wj, as in §2.4. By (2.13) 
and Theorem 2.14(e), the highest weight of Uj is coj. Therefore, Wj(C) ~ Wfc(C), for all 
j, k. The constraint (2.10) that Vc = QjWj(C) be weight multiplicity-free forces s = 1, 
and Vr is irreducible. Moreover, ujj = W7, so that U = U\ is either real or quaternionic. By 
(2.11), Vc = 17 is real. 

The highest weight of U is 

o; 7 = \ {2a 1 + 3cr 2 + 4<7 3 + 6<t 4 + 5<r 5 + 4cr 6 + 3cr 7 ) . 

Since dimc^7 = 56, (2.8) yields 

(5.3) m = ^55. 
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The weights of U with | A| < 4 are u 7 = (0 • • • 0), 

uj 7 - a 7 , uj 7 - (cr 6 + cr 7 ) , w 7 - ((7 5 +a 6 + a 7 ) , uj 7 - (a 4 + a 5 + a 6 + cr 7 ) . 

All other weights are of the form oj 7 — (a 4 + 05 + o"6 + cr 7 ) — aVj with < a ! £ Z. So, in 
order for (2.9) to hold, it is necessary that 

1 = n 7 , n 6 , n 5 , n 4 . 

Observe that we have T^-eigenvalues 

{A(Tp) I |A| <4} = {m-p I p = 0, 1,2,3,4}. 

Next, the weights with |A| =5,6 are 

(5.4) {A e A(U) I |A| = 5} = {(0101111), (0011111)}, 

(5.5) {A 6 A(U) I |A| = 6} = {(0111111), (1011111)}. 

Therefore, to obtain the eigenvalue m — 5, as required by (2.9), the weights (5.4) force either 
n 2 = 1 and ^3 > 1, or 712 > 1 or ^3 = 1. Before proceeding to consider these two cases, it 
will be helpful to note that the remaining weights with A 1 = are 

{A £ A(U) I A 1 = , |A|>6} = {(0112111), (0112211), (0112221), (0112222)}. 

Case 1: n 2 = 1 and > 1. Then the T^-eigenvalues associated to weights with A 1 = are 

{A(T^) I A G A(U) , A 1 = 0} = {m - p | p = 0, 1, . . . , 5, n 3 + 4 , n 3 + 5, . . . , n 3 + 9} . 

The largest eigenvalue A(T^) with A 1 7^ is (1011111)(T V ,) = m — (m + n 3 + 4). All other 
weights with A 1 7^ are A < (1 • • • 1), and so yield an eigenvalue A(T ((5 ) < m — (5 + n\ + 71.3). 
Therefore, to realize the eigenvalue m — 6, it is necessary that 113 = 2. This then forces 
m + 6 = (1011111)(T ¥ ,) = 12, so that n\ = 6. However, if = n^T* = 6T 1 + T 2 + 2T 3 + 
T 4 + T 5 + T 6 + T 7 , then oj 7 (T v ) = ±(2-6 + 3- l + 4- 2 + 6- l + 5- l + 4- l + 3-l) = ±41/m, 
a contradiction of (2.20) and (5.3). 

Case 2: n 2 > 1 and n% = 1. In this case, we have 

{X(T V ) I A e A(C7) , A 1 = 0} = {m - p | p = 0, 1, . . . , 5, n 2 + 4 , n 2 + 5, . . . , n 2 + 9} . 

The largest eigenvalue A(T^) with A 1 7^ is (1011111)(T ¥J ) = m — (n\ + 5). All other 
weights with A 1 7^ are A < (1 • • • 1), and so yield an eigenvalue A(T<p) < m — (5 + n\ + n 2 ). 
Therefore, in order to realize the eigenvalue m — 6, we must have either n\ = 1 or n 2 = 2. 

Cose S.a: n 2 > 1, n 3 = 1 and n\ = l. If ni = 1, then we must have n 2 = 3 in order to realize 
the eigenvalue m-7 = (OlOllll)^). However, if T = n^T = T 1 + 3T 2 +T 3 +T 4 + T 5 + T 6 + T 7 , 
then ^(T^) = §(2-l + 3- 3 + 4- l + 6- l + 5- l + 4- l + 3-l) = ±33^m, a contradiction 
of (2.20) and (5.3). 

Case 2.b: n 2 = 2 and 113 = 1. If n 2 = 2, then in order to avoid multiplicity, as required by 
(2.7), and realize the eigenvalue m— 12 we must have m = 7. In this case, T = n, ■p = 7T 1 + 
2T 2 +T 3 +T 4 +T 5 +T 6 +T 7 , so that ur(T v ) = |(2-7+3-2+4-l+6-l+5-l+4-l+3-l) = ±42 / m. 
Again, this contradicts (2.20) and (5.3). 
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Proof of Theorem 5.2. Suppose (V,(p) is a principal Hodge representation of G. Let 
W\ © • • • © W s be a decomposition of Vr into irreducible GjR-modules. Let Uj be the 
irreducible Gc-module associated to Wj, as in §2.4. By (2.13) and Theorem 2.14(e), the 
highest weight of Uj is uj\. Therefore, Wj(C) ~ Wjt(C), for all j,k. The constraint (2.10) 
that Vc = (Bj Wj(C) be weight multiplicity- free forces s = 1. Therefore, Vr is an irreducible 
GiR-module. Moreover, a;* = oji, so that ?7 = £/i is either real or quaternionic. By (2.11), 
U must be real. Thus, Vc = U = C 7 . 
The highest weight is 

uji = 2ai + a 2 ■ 

Since U is self-dual, it is real or quaternionic, cf. §2.4. If V is principal, then (2.11) implies 
U is real and Vq = U. So the weights of Vc are 

A(U) = {ui , loi - cri , U)x - (ai + a 2 ) , ui\ - {2a\ + a 2 ) , 

U)\ - (3(Ti + cr 2 ) , U)\ - (3(71 + 2(7 2 ) , wi - (4(7l + 2(7 2 )} . 

In particular, the weights include oj± , u)\ — a± , oj\ — (a\ + a 2 ), and all other weights are 
of the form uj\ — (aa± + ba 2 ) with < a, b £ Z and a + b > 2. Given (2.9), this forces 
T v = T 1 + T 2 , which yields a decomposition Vc = V 3 © V 2 © Vi ® Vb © VI i © F_ 2 © V_ 3 with 
all Hodge numbers equal to one. 

Finally, we note that (2.3) yields T cpt = 0. So /i(T cpt ) = 0, and U is real by (2.4). 

6. Special linear Hodge groups 

Assume throughout this section that 

G is a Q-algebraic group with Lie algebra qc ~ s[ r +iC. 
The fundamental weights of Qc = s[ r +iC are 

U k = ^ [(71 + 2(7 2 + • • • + (* - l)(7 fc _l] + Mr+i^l ak 

(6.1) 

+ fjr [ir ~ k)a k+1 + (r-k - l)a k+2 + ■ ■ ■ + a r ] , 

1 < k < r. If is the irreducible gc^module of highest weight co k , then the highest weight 
of the dual U* is 

(6.2) U* k = LOr+l-k- 

In particular, in the notation of Lemma 2.22, k* = r + 1 — k. 

6.1. Restrictions on principal Hodge representations. In this section we describe 
some simple numerical constraints on principal Hodge representations. Among those are 
the restriction that the rank of G be odd. The cases of rank r = 1,3,5 are addressed in 
Propositions 6.12, 6.13 and 6.16; a examples of rank seven and nine are considered in §6.5. 
By (6.1), 

(6.3) oj k (T v ) G — ^rZ. 

r + 1 

Lemma 6.4. Suppose that G admits a principal Hodge representation. Then r + 1 is even. 
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Proof of Lemma 6.4. Let Vr = W\ © • • • © W s be a decomposition into irreducible Gr- 
modules. Let Uj be the irreducible Gc~module associated to Wj as in §2.4. If one of the 
Uj is self-dual, then r + 1 is necessarily even by (6.2). 

Assume none of the Uj are self-dual. Then, by §2.4, Wj(C) = Uj © U*, for all 1 < j < s. 
In particular, each Wj(C) is of even dimension. It follows that Vc = ®jWj(C) is of even 
dimension. So (2.8) implies 

(6.5) m = — - — 
for some < a G Z. 

Let denote the highest weight of £/j. By (2.20), there exists 1 < j < s such that the 
largest eigenvalue m = ^(T^). By (2.10), the representation Uj is weight multiplicity-free. 
By Theorem 2.14(a), the weight fij is necessarily of the form puj^ for some p and k. From 
(2.20) and (6.3), we see that 

(6.6) m = 

v ' r + 1 

for some < b £ Z. Together (6.5) and (6.6) yield (r + l)(2a — 1) = 26, implying 2 divides 
r + 1. □ 

Lemma 6.7. Suppose that r > 1 and G admits a principal Hodge representation (V,(p) 
with V c = Sym p (C r+1 ) © Sym p (C r+1 )*. Then (r + 1)! = mod 2p, and 2p £ mod r + 1. 

Proof of Lemma 6.7, Part 1. First, we prove that (r + 1)! G 2pZ. Note that 



dime Sym p (C r+1 ) 



p + r\ (p + r)(p + r - 1) • • • (p + 1) 



r J r\ 
The highest weight of Sym p (C r+1 ) is \i = pu%. By (2.8), (2.20) and (6.3), 
1 
2 



' (p + r)(p + r - 1) ■ ■ ■ (p + 1) _ 



r! 



€ P 



r + 1 



Equivalently, 

|(r + 1) [2(p + r)(p + r - 1) ■ ■ ■ (p + 1) - r!] E pr!Z. 

Note that (p + + r — 1) • • • (p + 1) = r! mod p. In particular, there exists q G Z such 
that 

i(r + 1) (2r! + pq - r!) = |(r + 1)! + |(r + l)pq G pr!Z. 
so that (r + 1)! G 2pZ. □ 

Proof of Lemma 6. 7, Part 2. Now we prove that 2p ^ modulo r + 1. The weights of C r+1 
and £/ = Sym p (C r+1 ), as a gc _m odules, are 

A(C r+1 ) = [vi = Wl -(<7 1 + ... + (Ti _ 1 ) j l<i <r + l} , 

(6.8) A(U) = + • • • + Ui, I 1 < i x < ■ ■ ■ < ip < r + 1} . 
Note that 

(6.9) ui +■■■+ u r+1 = . 
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By Lemma 6.4, r + 1 = 2s, for some s E Z. Then (6.9) implies 
(6.10) v\ H h z/ s = -(v g+ i H h &V+l) • 

Arguing by contradiction, suppose that r + 1 divides 2p. We will consider two cases: 
2p = 2t(r + 1) and 2p = (2t + 1) • (r + 1), for some t £ Z. 

o First, suppose that 2p = 2t (r + 1). Then p = i(r + 1), and (6.8) and (6.9) imply 

= t(u! H h v r +i) G A(J7). This contradicts (2.12). 

o Next, suppose that 2p = (2t + 1) • (r + 1), so that p = (2t + 1) s. Then (6.8), (6.9) and 

(6.10) imply that both 

v\ H l-i's = (fi H l-i's) + t(i^H 1- v r +i) , and 

-(^lH Vf s ) = (ys+l H h^r+l) 

= (f s+ i H h^r+l) + i(^lH r-Mr+l) 

are weights of U. Again, this contradicts (2.12). 

□ 

Lemma 6.11. Suppose that 1 < k < |(r + 1) and that 2k ^ |(r + 1). Assume G admits a 
principal Hodge representation (V, ip) with irreducible and Vc = A 2fc (C r+1 )©/\ 2fc (C r+1 )*. 
Then r + 1 = mod 4. 

Remark. From (6.2), we see that the condition 2k ^ \{r + 1) implies U = f\ 2k (C r+1 ) is not 
self-dual. By §2.4, the representation Vc = U ® U* is complex. 

Proof. We argue by contradiction. Let = n^T* be the grading element associated to the 
Hodge representation. We have dimcVc = 2a for a = dimc?7. By Lemma 6.4, r + 1 = 2s 
for some s € Z. By (2.8) and (2.20), 

|(2a-l) = W2k(T<p) 

(6.1) (s - k) , . . 2k(s - k) 

= ni + 2n 2 + • • • + (2fc - l)n 2k -i) + — ^ n 2k 

s s 

k 

+ - ((r - 2k) n 2 k+i + (r - 2k - 1) n 2k +2 H h n r ) . 

s 

Multiplying through by 2s yields (2a - l)s G 2Z. Thus r + 1 = 2s = mod 4. □ 

6.2. The rank one case. The irreducible representations of 5l 2 C are Sym p C 2 ; they are of 
highest weight fi = poo\ = \po\ . 

Proposition 6.12. Let G be a Hodge group with complex Lie algebra Qc = sl 2 C. Assume 
that (V,ip) is a Hodge representation with the property that Vc = Sym p C 2 , and satisfying 
the normalization (2.2). Then V is principal if and only if 1^ = Ti- 

Proof. Let U be the irreducible Gc^module associated to VJr by §2.4. Let \x = puj\ be the 
highest weight of U. By Theorem 2.14(a), U = Sym p C 2 is multiplicity-free as required by 
(2.13). 

Since U is self-dual, it is either real or quaternionic, cf. §2.4. By (2.11), if V is principal, 
then U is real; therefore, Vc = U. By Lemma 2.22(a), n\ = 1; so the grading element is 
necessarily of the form = T 1 . 
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The weights of Vc are A(Vc) = { 2 (p ~ *) °l I < ^ < p}- I n particular, (2.9) holds. To 
conclude that the Hodge representation is principal, it remains to confirm that Vc is a real 
(rather than quaternionic) CrR-module: definition (2.3) yields T cp = 0, so that /i(T cp ) = 
is even, as required by (2.4) and (2.11). □ 

6.3. The rank three case. 

Proposition 6.13. Let G be a Hodge group with complex Lie algebra Qc = SI4C. Assume 
that (V, ip) is a Hodge representation with the property that Vr is an irreducible G^-module. 
LetTp be the associated grading element (§2.3), and assume the normalization (2.2) holds. 
Then the Hodge representation is principal if and only if Vc = C 4 © (C 4 )* and l v is one of 

3T 1 + 2T 2 + T 1 or T 1 + 2T 2 + 3T 3 . 

Proof. Let U be the irreducible Gc-module of highest weight fj, associated to Vr as in §2.4. 
By (2.13), U is necessarily weight multiplicity-free. By Theorem 2.14(a), the highest weight 
of U is either /j = poj\ (or the symmetric case \i = pu>^)', or fj, = u; 2 . 

(I) Let's begin with the case that fj, = pu)\. Then U = Sym p C 4 and Vc = U ® U*. We have 
r + 1 = 4 = 2 2 and (r + 1)! = 24 = 3 • 2 3 . By Lemma 6.7, p|3 • 2 2 , but 2 / p. Therefore, 
p = l,3. 

Observe that 

m < ' 2 =°' ) puxiltp) = |(3ni + 2n2 + n^) , and < m — m* = p|(ni — 713), 

where the inequality (*) is due to Lemma 2.22(b). From (2.9) we see that any two eigenvalues 
differ by an integer; therefore, < m — m* £ Z. Since p = 1,3, this implies m — 713 G 2Z. 
Then (2.17) yields 1 < 713 < n\ — 2. In particular, n\ > 3. By Lemma 2.22(b), we must 
have 713 = 1 and m — m* = 1, the latter yielding p = 1 and n± = 3. From dimVc = 8 and 
(2.8) we see that ±7 = m, yielding n 2 = 2. Thus, = 3T 1 + 2T 2 + T 1 is the first grading 
element of the proposition. 

If, on the other hand, we take fx = pu>3, then a similar argument again yields p = 1 and 
is the second grading element of the proposition. In either case {fi = oo\ or /j = W3), it 
is easily checked that (2.9) holds, using the fact that the weights of Vc are 

{u>i , wi - 01 , wi - (cri + cr 2 ) , wi - (<7i + cr 2 + 0-3)} U 
{w 3 , CJ 3 - cr 3 , CJ 3 - (cj 3 + cr 2 ) , W 3 - (cr 3 + <7 2 + 0"l)} 

(II) Next, consider the case that /j = w 2 . We have f7 = f\ 2 C e . Since ?7 is self-dual, C/ is 
either real or quaternionic (§2.4). By (2.11), if V is principal, then U is necessarily real, 
so that Vc = U. By Lemma 2.22(a), ra 2 = 1. The highest weight of the irreducible Vc is 
uj 2 = I(cri + 2cr 2 + ct 3 ). By (2.8) and (2.20), we have 

^5 = ~(rti + 2n 2 + n 3 ) = 1 + ±(m + n 3 ) , 

so that ni + n 3 = 3. From (2.17), we see that either m = 1 and 713 = 2, or ni = 1 and 
n 3 = 2. Thus, 

(6.14) = T 1 + T 2 + 2T 3 or T v = 2 T 1 + T 2 + T 3 . 
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For the first grading element, we have T cpt = 2T 3 , cf. (2.3). So /i(T cpt ) = w 2 (2T 3 ) = 1 
implying U is quaternionic, a contradiction of (2.11). Similarly, for the second grading 
element, T cpt = 2T 1 . So //(T cpt ) = 0J2(2T 1 ) = 1 and U is quaternionic, again contradicting 
(2.11). Therefore, there exists no principal Hodge representation (V, ip) with V = /\ 2 C 4 . □ 

Remark 6.15. With respect to part (II) of the proof above, observe that the weights of /\ 2 C 4 
are 

(000), (010), (110), (011), (111), (121). 

(Above, we utilize the notation (A X A 2 A 3 ) = L02 — AVj introduced in §2.7.) From this, it 
is easily checked that both the grading elements (6.14) yield eigenspace decompositions 
of /\ 2 C 4 with multiplicity-free eigenvalues ±{ i, 7j3, |5}. Thus, the following holds: Let 
G be a Hodge group with complex Lie algebra Qc = SI4C. Assume that (V, y) is a Hodge 
representation with the property that Vr is irreducible and Vc = (A 2 C 4 ) © (/\ 2 C 4 )*. (That 
is, U = /\ 2< C 4 is quaternionic.) Then the Hodge numbers are h = (2, 2, . . . , 2, 2) if only if 
T v is one of (6.14). 

6.4. The rank five case. 

Proposition 6.16. Let G be a Hodge group with complex Lie algebra 0c = sIqC. Assume 
that (V, (f) is a Hodge representation with the property that Vr is an irreducible G^-module. 
Let T„ be the associated grading element (§2.3) , and assume the normalization (2.2) holds. 
Then the Hodge representation is principal if and only if either: (a) Vc = C 6 (C 6 )* and 

1 W = 2T 1 + 4T 2 + T 3 + T 4 + 2T 5 



= 2T 1 + T 2 + T 3 + 4T 4 + 2T 



5 



or 



(6.17a) 

or (b) V c = A 3 C 6 and 

(R 17K , T v = 3T 1 + 2T 2 + T 3 + T 4 + 7T 

(b-17bj = 7T 1 + T 2 + T 3 + 2T 4 + 3T 5 . 

Proof. Let U be the irreducible Gc-module of highest weight [/, associated to as in §2.4. 
By (2.13), U is necessarily weight multiplicity-free. By Theorem 2.14(a), the highest weight 
of U is either \i = pui,pu r , or fi = ojf. with k = 2, 3, 4. The cases /x = pwi and fj, = pu r are 
symmetric, as are the cases fj, = L02 and \x = W4. So it suffices to consider the three cases 

H = pUi,UJ2,UJ2,. 

(I) Let's begin with the case that 

H = puj\ = v \ (5cri + 4<t 2 + 3<t 3 + 2<t 4 + 05) . 

Then [7 = Sym p C 6 9^ ^7* and Vc = U © f7*. By Lemma 6.7, 2p divides 6!; equivalently, p 
divides 5 • 3 2 • 2 3 . The lemma also asserts that 6 does not divide 2p. Therefore, 

p = 5 a ■ 2 b , with 0<a<l and 0<6<3. 

By (2.8) and (2.20), 

(6.18) 2 dim c {7 -1 = 1 5 a 2 b (5m + 4n 2 + 3n 3 + 2n 4 + n 5 ) 

Since the left-hand side of (6.18) is odd, it is necessarily the case that 6 = 0. Therefore, 
p = l,5. 
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Suppose that p = 5. Then dim c C/ = (5°) = 6 2 • 7. Since 2 dim c C7 - 1 = 2 • 6 2 • 7 - 1 = 503 
is not divisible by 5, (6.18) forces 6 = 0. Thus, p = l, and we have V c = C 6 © (C 6 )*. With 
the assistance of mathematical software (such as the representation theory package LiE) 
one may confirm that (2.9) holds if and only if Tm is the first grading element of (6.17a). 

A nearly identical argument with /j, = pto^ in place of p, = puj\ yields p = 1 and T v is the 
second grading element of (6.17a). 

(II) Next, consider the case that 

p = uj 2 = !(2<7i + 4cr 2 + 3cr 3 + 2ct 4 + 05) . 

We have U = A 2 C 6 ^ A 4 (C 6 ) = U* and V c = U® U*. From (2.8) and dim c [7 = g) = 15, 
we obtain 

m = ±29. 

Then (2.20) implies 

±29 = ±(2m + 4n 2 + 3n 3 + 2n 4 + n 5 ) . 
This is not possible, as 2 does not divide 29 • 3. 

(III) Finally, we consider the case that 

/J, = OJ3 = I ((7l + 2<T 2 + 3(73 + 2<7 4 + <r 5 ) . 

We have {/ = A 3 C 6 — f/*. By §2.4, U is either real or quaternionic. By (2.11), U is 
necessarily real, so that Vc = U. Again, with the assistance of LiE, one may confirm that 
(2.9) holds if and only if (6.17b) holds. 

For the first grading element of (6.17b), we have T cpt = 2T 2 , cf. (2.3). Therefore, 
//(T cpt ) = 2, and U is a real representation of Gu by (2.4), and as required by (2.11). 
Likewise, for the second grading element of (6.17b), we have T cpt = 2T 4 and /z(T cpt ) = 2; 
again, U is a real representation. □ 

6.5. The standard representation: examples. 

Example (Rank seven). Let G be a Hodge group with complex Lie algebra gc = slgC. 
Assume that (V, tp) is a Hodge representation with the property that Mr is an irreducible 
GiR-module, and Vc = C 8 ® (C 8 )*. Let T^, be the associated grading element (§2.3), and 
let p, = oj\ be the highest weight of C 8 . Assume the normalizations (2.2) and (2.19) hold. 
A computation with LiE indicates that the Hodge representation is principal if and only if 
Tm = njT* is given by one of 

(n l5 n 2 ,...,n 8 ) = (1,5,1,3,1,1,1), (2,3,2,2,2,1,2), 
(3,1,3,2,1,3,1), (3,2,1,2,3,2,1). 

Suppose, on the other hand, that fj, = 007 and the normalizations (2.2) and (2.19) hold. 
Then = J2i n 8-i T* = njl 1 + uqI 2 + • • • + n 2 T 6 + niT 7 , where {n-y, . . . , n-j) is one of the 
four above. 

Example (Rank nine). Let G be a Hodge group with complex Lie algebra Qc = slioC. 
Assume that (V, (p) is a Hodge representation with the property that Vk is an irreducible 
G]R-module, and Vc = C 10 © (C 10 )*. Let be the associated grading element (§2.3), and 
let (j, = oj\ be the highest weight of C 10 . Assume the normalizations (2.2) and (2.19) hold. 
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A computation with LiE indicates that the Hodge representation is principal if and only if 
= nil 1 is given by one of 

( ni ,n 2 ,...,n w ) = (1,2,6,2,1,1,1,1,2), (1,3,4,2,2,1,1,2,1), 

(1.4.2.3.1.2.2.1.1) , (2,1,5,2,2,1,1,1,3), 

(2.2.3.3.1.2.1.2.2) , (2,3,1,4,1,1,3,1,2), 
(2,4,1,1,1,5,1,1,2), (3,1,2,4,1,1,2,3,1), 
(3,2,2,1,1,4,2,2,1), (4,1,1,2,1,3,4,1,1). 

Suppose, on the other hand, that fj, = oog and the normalizations (2.2) and (2.19) hold. 
Then = nio_i T* = ngl 1 + n§T 2 + • • • + tt^T 8 + niT 9 , where (ni, . . . , ng) is one of the 
ten above. 
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